We set up the statistical mechanics for a nearly flat, thermally equilibrated fluid membrane, attached to an elastic network through one of its sides. We predict that the resulting structural (inversion) asymmetry of the membrane, notably due to the elastic network attached to one of its sides, can generate a local spontaneous curvature C0, that may in turn destabilize the otherwise flat membrane. As C0 rises above a threshold at a fixed temperature, a flat tethered membrane in the thermodynamic limit becomes structurally unstable, signaling crumpling of the flat membrane. Invitro experiments on red blood cell membranes after depletion of adenosine-tri-phosphate molecules and artificial deposition of spectrin filaments on lipid bilayers may be used to verify our results.
Statistical flatness, a well-known feature of inversionsymmetric tethered or polymerized membranes at sufficiently low temperature (T ) is marked by orientational long range order (LRO) [1] . Examples of tethered membranes are plentiful covering biological [2] [3] [4] , physical [5] [6] [7] [8] to chemical [9] systems. Red blood cell (RBC) membranes are one of the most well-known biological realizations of polymerized membranes [10, 11] . Statistical properties of inversion-symmetric tethered membranes have been extensively studied by now, see, e.g., Refs. [1, 12] .
For instance, these membranes show a low-T statistically flat phase [1, 12] , and a second order crumpling transition to a high-T crumpled phase [1, 13] . Furthermore, the scaling exponents that characterize the small fluctuations in the low-T flat phase have been calculated within perturbative renormalization group (RG) framework. These are however idealizations of more general inversion-asymmetric tethered membranes. For instance, both in-vivo RBC membranes and in-vitro spectrin-deposited model lipid bilayers are structurally or inversion asymmetric, owing to the attachment of the elastic network on one side of the membrane. These have no theory to date. Understanding how structural asymmetry affects the statistical properties of nearly flat tethered membranes forms the principal motivation of this study.
Here we construct a coarse-grained continuum model for a fluid membrane attached to an elastic network on one side, in thermal equilibrium; see Fig. 1 for schematic model diagrams. We use it to investigate the effects of asymmetry on membrane conformation fluctuations. We uncover a novel structural instability in the flat membrane at fixed T , controlled by the local strain-dependent spontaneous curvature C 0 , a direct measure of the degree of asymmetry. This indicates a novel asymmetryinduced crumpling of the membrane [1, 14] . Our results are generic in nature and can be tested in adenosinetri-phosphate (ATP) depleted RBC membranes in equilibrium or in-vitro deposition of spectrin filaments on a model lipid bilayer [15] . In addition, our theory should be a starting point to construct a generic hydrodynamic description for live RBC membranes [10, 11] .
In order to construct a minimal coarse-grained model designed to extract the essential physics of the problem, we consider a tensionless fluid membrane with a bending modulus κ 0 in thermal equilibrium. The fixed connectivity spectrin network, attached to one side of the membrane, is treated as an elastic continuum parametrized by the appropriate Lamé constants or elastic modulii µ, λ > 0 [1, 12] in the long wavelength limit (valid over length scales typical spectrin mesh size ∼ 50nm [16] ) . In stark contrast to their symmetric counterparts, we show that nearly flat asymmetric tethered membranes in equilibrium becomes structurally unstable yielding a crumpled state, controlled by C 0 . From our theory, we show that the membrane (i) always remains statistically flat with LRO in thermodynamic limit (TL) for low C 0 , (ii) stays flat for system size L smaller than a persistence length ξ (see below) and becomes unstable for L > ξ, for an intermediate range of C 0 , implying a diverging C 0 for L > ξ, and (iii) gets unstable for any L, large or small, for large enough C 0 . l 0 FIG. 1: (color online) Schematic top view of a membrane (black quadrangle) coupled to an elastic network (broken red triangular lattice) on the bottom side, l0 is the average distance between the two. The membrane and the elastic network are joined at the lattice points (see, e.g., Ref. [17] for RBC membrane structures, not shown in this diagram); see text.
We consider the spectrin layer -lipid membrane interaction in a strong coupling limit, i.e., strong interactions without any dissociation between them [18] . General symmetry considerations (i.e., invariance under transla-tion and rotation) then dictate the form of the free energy functional F for a nearly flat asymmetric tethered membrane. In the coarse-grained long wavelength limit, we describe the membrane conformations by a singlevalued field h(r) in the Monge gauge and lateral displacement by a two-dimensional (2d) vector field u(r) [1, 12] . For simplicity we assume a fixed distance l 0 between the lipid membrane and the spectrin network; we ignore selfavoidance, and any relative motion between the spectrin network and the lipid membrane. We also ignore any defect, e.g., missing bonds in the spectrin network. Then, F takes the form
to the leading order in gradients; r = |r|, r = (x, y) with (r, h) denoting the coordinate of a point on the membrane in the three-dimensional embedding space. Here strain tensor
, ignoring terms quadratic in ∇ i u j , which are irrelevant here in a scaling sense [12] . In (1) we have included a generic inversion-symmetry breaking term χ∇ 2 hu ii , that couples local compressibility of the network with the local mean curvature. In the symmetric limit χ = 0; see Ref. [16] for a model of RBC in terms of a solid and fluid membrane without the χ-term. Free energy F implies a local spontaneous curvature C 0 = (χ/κ 0 )u ii , which scales with χ and naturally vanishes in the symmetric limit. A larger χ 2 signifies that a local spectrin compressibility induces a larger local mean curvature. Parameter χ can be positive or negative; a reversal in the sign of χ merely reverses C 0 . We show below that χ 2 , or equivalently, the magnitude of C 0 controls the crumpling of an otherwise flat membrane.
We resolve u as u i = u
and u T i = P ij u j are longitudinal and transverse components of u i , respectively, for wavevector q; P ij (q) = δ ij − q i q j /q 2 is the transverse projection operator [19] , i, j = x, y. Thus up to the bilinear order in fields, free energy (1) takes the form
where, h(q), u L (q) and u T (q) are the Fourier transforms of h(x) and the magnitudes of u
is the Boltzmann's constant) may be integrated out exactly to obtain an effective free energy functional that depends only on h(q), and thence an effective bending modulus κ:
see Appendix (AP) for details. Evidently, κ < κ 0 . Thermodynamic stability of an assumed flat tensionless membrane clearly requires κ > 0, else instability ensues. Equation (3) then yields a threshold for χ given by χ 2 U = κ 0 (2µ + λ), above which κ < 0 for all q and, a flat membrane becomes crumpled independent of its size [1, 14] .
How nonlinear effects may modify the above results remains to be seen. Since F is bilinear in u i , we can integrate over u i in (1) exactly to arrive at an effective free energy F h that depends only on h( now including the nonlinear contribution to u ij ):
where, A = 4µ(µ+λ) 2µ+λ
and B = 2χµ 2µ+λ are coupling constants in the effective theory. Coupling A is positive by construction and is responsible for the low-T flat phase, while B, being linear in χ, can be both positive and negative. For a full derivation of F h , see AP. Notice that B changes sign for h → −h, and thus encodes the asymmetry in the nonlinear theory; B = 0 in the symmetric limit for which our model reduces to that of a symmetric tethered membrane in equilibrium [12] . The B-term in (4) may be interpreted as interacting mean and Gaussian curvatures via long range interactions; see AP. This is analogous to the interpretation of the nonlinear term with coefficient A, as long range interactions between local Gaussian curvatures in the membrane [1] .
Nonlinear A-and B-terms in F h necessitate perturbative approaches to the present study. At the one-loop order (equivalently, to the lowest orders in A and B), κ 0 receives two fluctuation corrections, each originating from non-zero A and B, respectively; see AP for details. We find for the q-dependent renormalized bending modulus κ R (q), and δκ = κ R (q) − κ,
q is the unit vector along q. Both the integrals on the rhs of (5) diverge as 1/q 2 for small q. The former, existing for both symmetric [1, 12] and asymmetric tethered membranes contributes positively to κ, where as the latter, that exists only in asymmetric membranes, contributes negatively. Evidently, the stretching energy drastically enhances κ R (q) for small q, for positive rhs of (5) [20]; for negative rhs, the effect is just the opposite. Assuming net positive corrections to κ in (5), a simple self-consistent theory unsurprisingly yields κ R (q) ∼ 1/q [20] . More sophisticated approaches that systematically handles the diverging corrections as in (5) and accounts for the fluctuation corrections (if any) to the nonlinear couplings A and B are based on the framework of perturbative Wilson momentum shell renormalization group (RG) technique [12] , together with an -expansion, where = 4 − d with (d + 1) referring to the embedding space dimension (see AP for some technical details). To this end, we eliminate fields h(q) (where Λ/b < q < Λ, b > 1) by integrating perturbatively up to the one-loop order; Λ is an upper wave-number cut-off. This is followed by a rescaling of wave-vectors q via q = bq and the field h(q) = ζ h h (q ); ζ h = b (d+4−η)/2 , η being the anomalous dimension of h(q) (yet unknown).
Assuming again net positive corrections to κ, with b = exp[l], the recursion relation [12] for κ takes the form
where
. We now define two effective coupling constants,
as the respective RG flow equations; see AP. At the RG fixed points (FP), dg 1 /dl = 0 = dg 2 /dl yielding g 1 = 2 /5, g 2 = 0 as the only globally stable FP. This yields η = 2 /5 [21] , which corresponds to LRO. In other words, asymmetry is irrelevant (in a scaling/RG sense) in the flat phase. Now consider the stability of the FP in the g 1 − g 2 plane; see Fig. 2 . Notice that the unstable FP (g 1 = 0, g 2 = 0) is globally unstable; i.e., unstable along the g 2 -direction as well. In general flow equations (7) suggest that with initial conditions g 2 (l = 0) g 1 (l = 0), the flow lines do not flow to the stable FP; instead they appear to flow to infinity, signalling breakdown of a flat membrane. This is shown schematically in Fig. 2 .
Let us now consider the consequence of negative κ e = κ R (q ∼ 2π/L) < 0 possible for sufficiently large B 2 , for a membrane of size L. Keeping the dominant corrections we obtain at 2d,
A membrane with a size larger than ξ can no longer remain flat and destabilizes or crumples for κ e (L = ξ) = 0, yielding (neglecting terms O(1/Λ 2 ) which are small for
where an explicit factor of K B T has been inserted in (9) .
L , a lower threshold where and C 0 = 0; see AP. This is consistent with a statistically flat membrane in TL. In contrast, for
Thus, the crumpling instability is generically associated with a diverging spontaneous curvature.
A finite surface tension σ, if present, will control the long wavelength fluctuations of the membrane [22] . We note that σ receives no relevant fluctuation corrections from the nonlinear terms A and B in (4). Interestingly however, for a sufficiently large χ 2 , κ e that dominates at the intermediate wavevectors, may become negative, leading to finite wavevector instabilities, a feature testable in controlled in-vitro experiments.
Although a full RBC [17] is clearly symmetric under inversion (since the two lipid bilayers are identical in structure), each bilayer clearly has an asymmetric environment having the spectrin network only on one (inner) side of it. Following the logic outlined above, our theory can be readily extended to two identical lipid membranes confining a spectrin network, that may serve as a minimal model for a whole RBC. Using symmetry arguments as above, one can construct a coarse-grained free energy. An analysis similar to the one above indicates towards statistical flatness of RBC membranes for sufficiently low spectrin-lipid interaction strength, beyond which crumpling of the RBC should be observed. Details will be considered elsewhere [23] . Recent studies on live RBC membranes [10, 11] reveal enhanced fluctuations in the RBC membranes for low frequencies. While a live RBC membrane is an active or driven system, and hence outside the scope of our theory, any consistent hydrodynamic theory for live RBC membranes should reduce to our theory in its equilibrium limit. Our theory reveals the crumpling instability induced by strong enough asymmetry (χ 2 > χ 2 U ) in a flat membrane. It must be generalized to study the nature of the thermodynamically stable structurally crumpled state (χ 2 > χ 2 U ). Formal similarities between a direct generalization of our model to study the T -driven crumpling transition [1, 13] and the standard Landau theory for phase transitions with cubic nonlinearities open up the intriguing possibility of new universal scaling at the second order crumpling transition and also possibly first order crumpling transitions. Nonetheless, how the structural crumpling elucidated here is connected to the well-known thermal crumpling of flat tethered membranes [1, 14] still remains unresolved.
Independent of the precise values of the model parameters (which may yet be unknown experimentally), the general form and structure of the phase diagram (3) can be tested in non living (ATP-depleted) RBC membrane extract [15] , or for model asymmetric membranes by binding spectrin to lipids by presenting positive charges to lipid surfaces [24] . The binding of the elastic network to the membrane surface may be controlled by proteins, e.g., Stomatin [25] ; see also [26] for other spectrinlipid interactions. In laboratory-based controlled in-vitro experiments, the spectrin-lipid membrane interactions, modeled by χ here, may be controlled by adding cholesterol [27] in artificially prepared samples, or in ATPremoved RBC membranes. Numerical simulations of the analogous discrete models of asymmetric tethered membranes, similar to the studies in Refs. [6, 7, 28] , should be employed to verify our results.
Our assumptions of a fixed distance between the elastic network and the attached lipid membrane is clearly an idealization; for an RBC membrane l 0 ∼ 30 nm is the average distance between the two [16] . Small fluctuations in l 0 about its mean, expected in ATP-depleted RBC membranes, is not expected to modify our results in any significant manner; see AP for details. Self-avoidance, ignored here for a putative flat membrane, may be important in the unstable phase [1] . Recent studies on thin, spherical shells indicate that large enough shells can be crushed by thermal effects [29] . How the compressibility-mean curvature coupling introduced here affect this result may be investigated in future. The geometric nonlinearities associated with the Monge gauge are irrelevant (in a scaling/RG sense) and hence have been neglected. We have used a planar geometry for simplicity. In other relevant geometries, e.g., spherical (significant for an RBC membrane), there is a nonzero mean spontaneous curvature even without any fluctuation that characterizes the global shape of the membrane. Whether an asymmetric (i.e., one-sided) coupling of a spherical membrane with a spectrin network, described via an analog of the χ-term in (1), either increases or decreases the mean spontaneous curvature may now depend upon whether the spectrin layer is attached to the inner or outer surface of the spherical membrane. How that plays out in regard to the instabilities elucidated above is an important question that should be studied separately. We expect our work to provide new impetus towards detailed experimental studies of asymmetric tethered membranes.
APPENDIX (AP) CALCULATION OF F h FOR THE FULL NON-LINEAR THEORY
We integrate over u ij to obtain an effective free enrgy that depends only on h. We proceed by breaking u ij into q-dependent and q-independent parts; q being a wave-vector, q = |q|.
x is a 2d Cartesian displacement vector. We now use the fact that any 2d symmetric second rank tensor can be written as a sum of transverse and longitudinal parts. Let φ(q) = qiqj q 2 A ij . We can write
where,
]A mn . Thus P ij P ij Φ = Φ = P ij A ij . We now write A ij as a combination of longitudinal and transverse parts :
where the first term in the rhs represents the longitudinal component of A ij and P ij Φ gives the transverse part. Here
Thus in real space, we can write
Taking only the u-dependent part in F, we have
Now 
Using these values, we have
We note that the coupling between u ij and h appears only in the form ofũ 
Integrating overũ L i , we arrive at the following equation
Using Eq. (18) above and the value of Φ, we arrive at the free energy F h of the main text.
INTERACTING GAUSSIAN AND MEAN CURVATURES
Noting that (see, e.g., Ref. [1] of the main text)
, where S(x) is the local Gaussian curvature at x, M (|x|) is the inverse Fourier transform of 1/q 2 . Then,
In particular, at 2d, M (|x|) ∼ ln x, establishing the picture that the B-term in the free energy F h of the main text may be interpreted as interacting mean and Gaussian curvatures via long range interactions.
ONE-LOOP FEYNMAN DIAGRAMS
The one-loop Feynman diagrams which contribute to the fluctuation corrections of κ, A and B are shown in Fig. 5 , Fig. 6 and Fig. 7 of AP, respectively. 
P ij P mn
One-loop Feynman diagrams that originate from the B-nonlinear term and contribute to the fluctuation corrections of κ.
DISCRETE RECURSION RELATIONS
After rescaling of wave-vectors q via q = bq and the field h(q) = ζ h h (q ); ζ h = b (d+4−η)/2 , η being the anomalous dimension of h(q)
The discrete recursion relations in terms of the coupling constants g 1 and g 2 are given by :
SPONTANEOUS CURVATURE AND ODD ORDER CORRELATORS OF h
Upon rescaling h by √ κ, free energy F h of the main text can be written as
in d-dimensions. The g 2 -term in (23) violates the inversion symmetry. At the stable RG FP, g 2 = 0, rendering (23) symmetric under inversion of h. Mean spontaneous curvature C 0 clearly scales with g 2 in the effective, long wavelength renormalized theory, and hence vanishes in the flat phase in the long wavelength limit. Thus, in the renormalized theory all odd order correlators of the form h(q 1 )h(q 2 )h(q 3 )....h(q n ) , q 1 + q 2 + q 3 + ... + q n = 0 (n > 0 an odd integer) vanish. Hence, the equilibrium states of an asymmetric nearly flat membrane that is thermodynamically stable is in fact identical to their symmetric counterparts in asymptotic long wavelength limit. The equilibrium states of an asymmetric tethered membrane in the unstable phase for χ 2 > χ 2 L are of course very different from their symmetric counterparts.
EFFECT OF FLUCTUATING MEMBRANE-NETWORK DISTANCE
In the main text, we have considered a fixed distance l between the lipid membrane and the spectrin network. In a realistic situation, the distance l should be a fluctuating quantity; see Fig. 8 . In live RBCs, the average spacing l ∼ 30nm and is of the same order of magnitude as the root mean squared fluctuation amplitude of the lipid membrane [1] . This should make the fluctuation of l significantly affect the fluctuation of the lipid membrane in a live RBC. For an ATP-depleted RBC or an artificial system of spectrins deposited on a lipid bilayer, the root mean squared fluctuation amplitude of the lipid membrane should be small ( l ), and hence, should be irrelevant. We demonstrate this in a simple model calculation below.
We start with a simple model free energy
Here, g(h−h ) models the inter-membrane (i.e., between the lipid bilayer and the spectrin network) potential; this is a nonuniversal function, and depends on the detailed interactions of the specific lipid molecules and spectrin filaments. Nonetheless, on simple physical grounds, we impose g(h − h ) = 0 for h = h (no interaction potential when the two superpose), and g(h − h ) = 0 again for h − h → ∞. We expect g(h − h ) to have one minimum at an intermediate distance that is the preferred distance l between the lipid bilayer and the spectrin network; for live RBCs, l ∼ 30nm [1] . ParameterÃ is a function of any quantity that is tilt-invariant; this models the fact that the the magnitude of the intermembrane potential not only depends on the local distance between the two, but also on the local configurations the lipid membrane and spectrin bilayer, which are modeled byÃ. In the limit when the lipid bilayer is completely decoupled from the spectrin network, g(h − h ) = 0 identically. At a finite temperature T , there should be fluctuations in the local distance about the preferred distance; the extent of fluctuations should depend on the depth and sharpness of the potential well (potential minimum). In a long wavelength approximation, chooseÃ
where we have ignored possible dependences ofÃ on u products), as these do not affect the line of arguments outlined below; α 1 , α 2 are phenomenological constants. In the fixed distance limit, h − h = l 0 (a const.), g(h − h ) = a 1 l 0 for small l 0 , a 1 is another phenomenological constant. With this, F hh in (24) immediately yields the free energy F in the main text [Eq.
(1) in the main text] with the identification χ = (α 1 + α 2 )a 1 l 0 . We now generalize by allowing small fluctuations in the distance l about l 0 . Let h(r)−h (r) = l = s(r)+l 0 = const., s(r) = 0, is a fluctuating quantity. Small fluctuations of l(r) implies s(r) 2 l 0 . For small fluctuations, we write g(h − h ) = g(l 0 + s(r)) ≈ g(l 0 ) + γs(r),
where γ is a phenomenological constant that we set to unity below without any loss of generality. In that case, in terms of h , the local strain tensor u ij is given by
Further assume s(r)s(0) = Dδ(r). This is a reasonable assumption, given that there are no long-range microscopic fluctuating degrees of freedom expected to be present in thermal equilibrium. This implies C s = |s(q| 2 = (2π) d D, a finite constant even in the infra-red limit (wavevector q → 0). Compare this with the bare correlator of h, C h = |h(q| 2 = 1/(κq 4 ), that diverges in the limit q → 0. Averaging over s then yields additional diagrams which correct κ, A and B. These diagrams have exactly the same form as the corresponding one-loop diagrams in the fixed distance limit; see Fig. 5 , Fig. 6 and Fig. 7 , respectively, except that one or more internal lines in the new diagrams now correspond to C s . Since C s is a constant, whereas C h is infra-red divergent, all the new diagrams are subleading (in a scaling/RG sense) to the corresponding diagrams Fig. 5, Fig. 6 and Fig. 7 , respectively. Thus, no new relevant corrections are generated.
If we consider the instability due to asymmetry at a finite scale ξ, then the additional one-loop contributions to κ, A, B that are generated after averaging over s can shift the threshold on χ 2 for the instability (or, the vanishing of κ e ). However, the qualitative picture remains unchanged. We, therefore, conclude that small fluctuations in the membrane-elastic network does not affect our results in the main text, obtained with the assumption of a fixed distance, in any significant manner.
